Abstract We study the sets T v = {m ∈ {1, 2, . . .}: there is a convex polygon in R 2 that has v vertices and can be tiled with m congruent equilateral triangles}, v = 3, 4, 5, 6. T 3 , T 4 , and T 6 can be quoted completely. The complement {1, 2, . . .} \ T 5 of T 5 turns out to be a subset of Euler's numeri idonei. As a consequence, {1, 2, . . .} \ T 5 can be characterized with up to two exceptions, and a complete characterization is given under the assumption of the Generalized Riemann Hypothesis.
Introduction and First Observations
It is well known and elementary that every polygon with v vertices (v-gon for short) in R 2 can be dissected into m triangles for every m ≥ v − 2. However, the question for all triples (v, m, k) such that every convex v-gon splits into m convex k-gons is solved only for edge-to-edge dissections [1] . Even the restriction to k = 3 (dissection into triangles) gives rise to attractive nontrivial problems, such as dissections into acute triangles [10] , into triangles of the same area [6] , and into mutually similar triangles [7] . Laczkovich [8] characterizes all convex polygons P that can be tiled with congruent copies of a given triangle T . In some sense, we investigate an inverse question for the particular case of an equilateral triangle. Given integers v ≥ 3 and We search for a complete characterization of the set
. .}, and there exists a convex v-gon
that can be tiled with m congruent equilateral triangles .
Throughout this paper we shall consider tilings with equilateral triangles of edge length one, without loss of generality. Let us recall that P is tiled with triangles . Since the v outer angles sum up to 2π , we obtain v ≤ 6. Now determining T turns out to be equivalent to identifying the sets
Proof (a) If a triangle T is dissected into equilateral triangles with edge length 1, then T is equilateral itself and has an integer edge length, say p (see Fig. 1 ). Comparing the area of T and of its tiles shows that T is tiled with p 2 triangles.
(b) Clearly, 1 / ∈ T 4 . The right-hand part of Fig. 1 illustrates that all numbers 2p and 2p + 1, p ∈ {1, 2, . . .}, belong to T 4 .
Tiling Pentagons
Our results on tilings of pentagons are essentially based on a relation with the socalled idoneal numbers, which were introduced as numeri idonei by Euler. The Latin adjective "idoneus" stands for words such as "suitable", "appropriate", "adequate", "capable", or "convenient". Euler used these numbers to find large primes. We refer to the excellent survey [5] for details on idoneal numbers. Here we cite only some properties that are important for our study of the set T 5 .
The set I of idoneal numbers can be characterized as There are several references claiming that there is at most one idoneal number larger than 1848, thus sharpening Theorem 1(b) (see, e.g., the online articles on idoneal numbers in Wikipedia and MathWorld or the comments on sequence no. A000926 from The On-line Encyclopedia of Integer Sequences). Kani [5, Remark 24(a)] qualifies this as an error that seems to originate from [2] . We come back to tilings of pentagons.
This is not Euler's original definition, but goes back to Rains (see [5, Remark 35(b)]).

Theorem 1 (a) All idoneal numbers that do not exceed 10000 are given by
Proof Suppose that a convex pentagon P is dissected into equilateral triangles of edge length 1. Then the edges of P have integer lengths, and P has one inner angle of size Fig. 2) . The edge length p of T is a sum of lengths of edges of P , so p ∈ {1, 2, . . .}. P is obtained by cutting off two equilateral triangles T q and T r of edge lengths q and r, respectively, from T . Since q and r are edge lengths of P , it follows that q, r ∈ {1, 2, . . .}. Moreover, p > q + r because p is the sum of q, r, and the length of P 's edge opposite to the angle of π 3 . Since T splits into p 2 equilateral triangles of edge length 1 and T q and T r are tiled with q 2 and r 2 such triangles, a respective tiling of P must consist of p 2 − q 2 − r 2 tiles. This shows the inclusion "⊆" in the lemma.
Conversely, given p, q, r as in the lemma, one can construct a pentagon P as in Fig. 2 . The corresponding tiling of P is obtained from the tiling of T into p 2 pieces by cutting off the q 2 + r 2 pieces that tile T q and T r . This shows the inverse inclusion "⊇".
Lemma 1 goes back to [3, Sect. 3] , where also another equivalent characterization of T 5 is given.
Lemma 2 E ⊆ T 5 , where E is as in the definition of idoneal numbers.
Proof Let ab + ac + bc ∈ E be given such that a, b, c ∈ {1, 2, . . .} and a > b > c. At least two of the numbers a, b, c have the same parity.
Case 1: a and b have the same parity. We put 
We obtain p > q + r from c > 0, q > 0 from a > c, and r > 0 from b > 0. Again, ab + ac + bc = p 2 − q 2 − r 2 ∈ T 5 by Lemma 1.
Case 3: b and c have the same parity. We put
Here inequality p > q + r is equivalent to c > 0, q > 0 to b > c, and r > 0 to a > 0. As above, ab
Lemma 2 shows that
i.e., every positive integer m that does not allow a tiling of any convex pentagon with m congruent regular triangles is an idoneal number. This has the following consequences. Note that one could disprove the Generalized Riemann Hypothesis by finding a number in {1849, 1850, . . .} \ T 5 . However, we do not expect that such a number exists.
In [3, Sect. 5] all tilings of convex pentagons with at most 60 congruent equilateral triangles are illustrated.
Tiling Hexagons
The set T 6 is already completely determined in [3, Sect. 4] . Here we present a slightly different approach. Proof Simple computations based on Lemma 3 allow us to find all m ∈ T 6 such that m ≤ 184. This way one finds the 21 exceptional numbers presented above.
It remains to show that T 6 contains all integers m ≥ 185. Note that a hexagon H with parameters p, q, r, s as in Lemma 3 admits a tiling with p 2 − q 2 − r 2 − s 2 equilateral triangles of unit edge length, which is composed of p − q horizontal layers of tiles. Indeed, the triangle of edge length p can be tiled with p layers (as illustrated in Fig. 1 ), and the above q layers are removed (see Fig. 2 ). We restrict our consideration to the case p − q = 13; that is, the "vertical width" of H is 13. We put p = 14 + l and q = 1 + l, l = 0, 1, . . . Table 1 illustrates how r and s can be chosen in order to obtain m ∈ T 6 for all m ≥ 185.
The above proof shows that T 6 can be realized with hexagons whose "vertical width" does not exceed 13. There exist numbers m ∈ T 6 that cannot be realized with a 
